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Abstract: A set of infinitely many nonlocal conservation laws are revealed for (1+1)-dimensional evo-
lution equations. For some special known integrable systems, say, the KdV and Dym equations, it is
found that different nonlocal conservation laws can lead to same new integrable systems via reciprocal
transformations. On the other hand, it can be considered as one solution of the new model obtained via
reciprocal transformation(s) can be changed to different solutions of the original model. The fact indi-
cates also that two or more different (local and nonlocal) conservation laws can be used to find implicit
auto-Ba¨cklund transformations via reciprocal transformation to other systems.
Conservation laws play an important role to understand and even solve nonlinear systems [1]. In this
short letter, we try to give a special set of infinitely many nonlocal conservation laws for (1+1)-dimension
evolution equations
vt = K(v), (1)
with K being an any given function of {x, t, v} and the derivatives of v with respect to x by introducing
some arbitrary freedoms to Lax pairs.
For simplicity, we only consider the following second order formal Lax pairs
Sψ = 0, S ≡ ∂2x − F (v), (2a)
Y ψ = 0, Y ≡ ∂t + qx + 2q∂x, (2b)
where F (v) ≡ F (x, t, v, vx, vxx, . . .) ≡ F is an arbitrary function of the space-time {x, t}, the field v
and its derivatives with respect to x.
We require the potential q is related to the field v by
Lq = F ′K(v), L ≡ ∂3x − 4F∂x − 2(F ′vx), (3)
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where F ′ is the standard linearized operator, Gateaux derivative, defined by
F ′f ≡ ∂
∂ǫ
F (v + ǫf)
∣∣∣∣
ǫ=0
for arbitrary f .
Now, it is straightforward to find that the consistent condition of the Lax pair is just
[S, Y ]ψ|Sψ=Y ψ=0 = ψF ′(vt −K(v)), [S, Y ] ≡ SY − Y S. (4)
In other words, if q in (2) is defined by (3), then (2) with arbitrary F is a (weak) Lax pair of the
evolution equation (1).
It is interesting that (2b) can be rewritten as
ρt + Jx = 0, ρ = ψ
−2, J = 2qψ−2, (5)
which is just a conservation law.
The conservation law is nonlocal for the evolution equation (1) because the conserved density ρ is
non-locally related to the field v by three partial differential equations (2) and (3). However, it is a local
conservation law for the equation system {(1), (2), (3)}.
On the other hand, (5) is only one conservation law for the equation system {(1), (2), (3)}. However,
(5) implies infinitely many nonlocal conservation laws for the single evolution equation (1) because F is
arbitrary.
It should be mentioned that many special Lax pairs are the particular cases of (2) for some well-
known integrable systems such as the KdV equation [2], modified KdV equation [3], Dym equation [4],
Camassa-Holm equation [5] and Ito system [6].
An important question is what can be obtained from the nonlocal conservation law (5)? To answer
this question, we restrict ourselves to some special cases because we have not yet good ideas for general
evolution equation (1).
The first example is naturally the KdV equation
vt + vxxx + 6vvx = 0. (6)
For the KdV equation (6), if we take F = λ− v, then the potential q equation (3) has a special solution
q = v + 2λ. Thus, the conservation law (5) becomes
(ψ−2)t = [−2(v + 2λ)ψ−2]x. (7)
It is known that from every conservation law, we can construct a reciprocal transformation.
From (7) we can define a potential z
zx = ρ, zt = −2(v + 2λ)ρ, ρ = ψ−2. (8)
Taking {z, t} as new independent variables, i.e.,
v = v(z, t), ψ = ψ(z, t), (9)
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we can obtain the well known Dym equation
ρt + ρ
3ρzzz = 0, (10)
while the field v is given by
v =
3
4
ρ2z
ρ4
− 1
2
ρzz
ρ3
+ λ. (11)
On the other hand, for the KdV equation, related to the square eigenfunction symmetry, there is
another nonlocal conservation law in the form
ρ1t = J1x, ρ1 = ψ
2, J1 = 2(u− 4λ)ρ1 + 2ψ2x. (12)
In the same way, according to the conservation law (12), we can define the potential y in the form
yx = ρ1, yt = J1. (13)
Taking {y, t} as independent variables, i.e.,
v = v(y, t), ψ = ψ(y, t), (14)
we find again the Dym equation
ρ1t + ρ
3
1
ρ1yyy = 0, (15)
while the field v is determined by
v = −1
4
ρ2
1y −
1
2
ρ1ρ1yy + λ. (16)
On one hand, two different nonlocal conservation laws of the KdV equation lead to one same Dym
equation. On the other hand one solution of the Dym equation leads to two different solutions of the
KdV equation via two conservation laws. The fact implies that two different nonlocal conservation laws
will lead to a Ba¨cklund transformation of the KdV equation.
To see whether this property holds for other models, we study the Dym equation,
vt = v
3vxxx, (17)
which is only a re-notation of (10) for simplicity.
For the Dym equation (17), if we take
F =
λ
2v2
,
then the potential q equation has a special solution
q = λv. (18)
Correspondingly, the conservation law (5) becomes
(ψ−2)t = (2λvψ
−2)x. (19)
Thus we can introduce new independent variable z via
zx = µ, zt = 2λvµ, µ = ψ
−2. (20)
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Under the new independent variables, we have
ψ = ψ(z, t), v = v(z, t). (21)
Substituting (21) with (20) into the Dym equation (17) yields a new equation
µt =
(2λ)3/2µ3µzzz
(µ2z − 2µµzz)3/2
(22)
while the solution of the Dym equation (17) is related to µ by
v =
√
2λ√
µ2z − 2µµzz
. (23)
It is not difficult to verify that the Dym equation possesses another nonlocal conservation Law
(ψ2v−2)t =
[
2v−1(2vvxψψx − 2v2ψ2x − vψ2vxx + 2λψ2)
]
x
. (24)
Now, we introduce y by
yx = ψ
2v−2, yt = 2v
−1(2vvxψψx − 2v2ψ2x − vψ2vxx + 2λψ2) (25)
and suppose
ψ = ψ(y, t), v = v(y, t). (26)
Substituting (26) with (25) into the Dym equation (17) leads the same equation (22) but with different
variables
θt =
(2λ)3/2θ3θyyy
(θ2y − 2θθyy)3/2
, (27)
while the solution of the Dym equation (17) and the spectral function are related to θ by
v =
√
2λλ
θ2y
√
θ2y − 2θθyy. (28a)
ψ = λ
√
θθ−2y . (28b)
Thus, as in the KdV case, the same conclusion is obtained for the Dym system: Two nonlocal conservation
laws lead to a same new equation (22). One solution of the new equation (22) leads to two solutions of
the Dym equation (17) via (23) and (28a). The existence of two solutions of the Dym equation related to
a same equation (22) implies a Ba¨cklund transformation for the Dym equation owing to the existence of
two different nonlocal conservation laws. Similar procedure can be continued for the new equation (22)
by investigating its nonlocal conservation laws.
In summary, by formally introducing a potential q via (3), a weak Lax pair with an arbitrary function
F (v) is obtained for any (1+1)-dimensional evolution equations (1). Starting from the Lax pair, infinitely
many nonlocal conservation laws are obtained. Various Lax pairs for known integrable systems are special
cases of (2) with some special fixed F (v). For these kinds of well known integrable systems, the new found
conservation laws can be used to find new integrable systems via reciprocal transformations and Ba¨cklund
transformations of the original model via the combination of other reciprocal transformations related to
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different nonlocal conservation laws. For general evolution equation, the nonlocal conservation laws may
be not enough to guarantee the integrability. However, it must be useful to help to understand the special
solutions of the nonlinear systems. It is worth to pay more attentions on this type of conservation laws.
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